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A billiard system is one which exists within a bound region containing a particle which experiences
complete elastic collisions at the boundary. The potential energy within the region is zero and infinite
along the boundary. An example of a billiard system in one dimension would be the infinite square
well[4]. Extending to a two dimensional region allows for the analysis of circular and stadium billiard
systems. The analysis of a circular billiard system in quantum mechanics is consistent with classical
dynamical systems of billiards. Furthermore, the analysis of a stadium billiard system shows that
the system exhibits chaotic behaviour. It appears that when the classical dynamics of a system are
solvable or chaotic, the quantum counterpart is as well[1]. Future developments regarding quantum
chaos involving a two-spinless-fermion system in a quantum wire was also explored. The future
development concluded that the classical dynamics had a scaling property, which the quantum
counterpart did not have. A method for measuring chaotic irregularity was also found.

I. INTRODUCTION

Quantum Chaos, not unlike classical chaos, is a form
of nonlinear dynamics. There is great debate about
whether quantum chaos exists or not. There are cur-
rently three accepted classifications of quantum chaos:
quantised chaos, semi-quantum chaos and true quantum
chaos. If quantum chaos is to exist, Hamiltonian chaos
could be extended into the quantum regime. In this pa-
per, only Hamiltonian systems are studied as there are
no occurrences of attractors nor repellors. Unfortunately,
the complexity of their respective dynamics increases as
Rn increases; subsequently, R2 is the highest dimension
dealt with herein. Dynamical systems in classical me-
chanics can be expressed as billiards. The infinite square
well, infinite circular well and a stadium system can all
be modelled with billiards. Particles in billiards alter-
nate between motion in a straight line and mirror-like
reflections from a wall or boundary. Because there is no
loss of speed in a billiard, it is assumed that all collisions
are elastic. Out of all the billiard table representations
available, the Bunimovich stadium is discussed because
it was the simplest billiard table which illustrated two
dimensional nonlinear dynamics. There are many exper-
iments trying to either prove quantum chaos’ existence or
to bridge the gap between classical and quantum chaos.

II. THE THREE TYPES OF CHAOS

The first, most commonly studied form of chaos is
quantised chaos. Quantised chaos describes the quan-
tisation of classically chaotic systems[2]. One quantises
a classically chaotic system by taking the semi-classical
limit of ~ → 0 or m → ∞. When a chaotic system is
quantised, the resulting quantum system is not necessar-
ily chaotic, but affected nevertheless. This is shown by
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how a one-body atomic system behaves chaotically when
treated classically. Semi-quantum chaos describes sys-
tems with both classical and quantum subsystems. One
may express a semi-quantum chaotic system with a bil-
liard with vibrating boundaries. A degree of vibration
of a billiard is defined as the number of boundary di-
mensions that change with time. An example of a single
degree of vibration quantum billiard would be a vibrat-
ing sphere. A more practical type of quantum billiard
is the cylindrical billiard with vibrations along the ra-
dius and longitude with encompasses the quantum wire,
which is discussed later. Lastly, there exists true quan-
tum chaos. Systems exhibiting true quantum chaos are
bounded, fully quantised and experience exponential sen-
sitivity and repeat indefinitely. A system that experi-
ences exponential sensitivity cannot have a fully discrete
energy spectrum.

III. THE TRANSITION FROM R TO R2

Griffith’s Introduction to Quantum Mechanics covers
a lot of examples of one dimensional linear systems, the
infinite square well being one of the examples covered [4].
In order to bridge the examples in class with two dimen-
sional systems, a new tool has to be adopted: the phase
space. A phase space is a space that represents all possi-
ble states of a system. In the case of the infinite square
well, the phase space is a line. Another example involves
an infinite circular well which is a two dimensional linear
dynamical system, which had a phase space of a circular
plane. It makes sense that the phase space has the same
dimensions as the problem it is representing.

The well-known linear Schrödinger equation, which
represents one dimensional non-chaotic systems is known
to be:

i~
∂

∂t
Ψ(x, t) =
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2m
∇2 + V

]
Ψ(x, t) (1)
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FIG. 1. An infinite circular well with an azimuthal quantum
number m = 1 and k = 1.

The transition between one dimensional systems and
two dimensional systems is an extra variable in the spa-
tial gradient of the linear Schrödinger equation. If one is
dealing with a two dimensional box, an extra variable y
would be added to the spatial Laplacian. However, since
the circular well is being studied, it is convenient to work
in polar coordinates instead of in Cartesian coordinates.
Suppose that V (r) = 0 when r < a, where a is the radius
of the circular well, and V (r) = ∞ when r > a. These
boundary conditions resemble the boundary conditions
for the infinite square well. Because the circular well is
symmetric, the wave function Ψ(r, θ) can be separated,
similar to the separation of variables for stationary states,
into its two spacial components Ψ(r, θ) = γ(r)ξ(θ). Be-
cause the the wave function is separable, one can treat the
infinite circular well as two, not necessarily independent,
one dimensional problems. Using the boundary condi-
tion when V (x) = 0, and expressing the Laplacian ∇2

in terms of r and θ [6], one can rewrite the Schrödinger
equation as:
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Substituting the separated wave function Ψ(r, θ) =
γ(r)ξ(θ), one finally arrives at equation [Eq. 3] where

k =
√
2mE
~ and µ is a separation constant similar to E.
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r

dγ(r)

r
− µ2

r2
γ(r) = −k2γ(r) (3)

As with the infinite square well, the infinite circular well
has only bound states and the angular solutions turn out
to be ξµ(θ) = 1√

2π
eiµθ for any µ ∈ Z. Derivations aside,

one can see that the infinite circular well is very much the
same as the infinite square well. This similarity will be
useful when their billiard representations are discussed.

IV. THE BUNIMOVICH STADIUM

Although the infinite circular well is two dimensional,
it does not convey chaos very well because it is still mod-
elled by the linear Schrödinger equation. A new equa-
tion, for nonlinear dynamics, has to be introduced. Like
the linear Schrödinger equation, the lesser-known nonlin-
ear Schrödinger equation can be applied to both classical
and quantum mechanical systems exhibiting chaos. Al-
though the nonlinear Schrödinger equation is a classical
field equation, it can be quantised to receive the quantum
counterpart.

i
∂

∂t
ψ =

1

2
∇2ψ + κ|ψ|2ψ (4)

It is important to note that the nonlinear Schrödinger
equation does not describe the time evolution of its quan-
tum states, unlike the linear Schrödinger equation. This
is because the nonlinear Schrödinger equation models
integrable systems. An integrable Hamiltonian system,
specifically a quantum integrable system, has N indepen-
dent constants of motion. As stated in the introduction,
the Bunimovich stadium is a Hamiltonian system gov-
erned by Hamilton’s equations. The stadium, in essence,
is an idealisation of a game of billiards.

FIG. 2. The Bunimovich stadium with the trajectories of a
particle[7].



3

V. MODELLING QUANTUM CHAOS USING
BILLIARDS

Of all the examples aforementioned, all three situations
could be expressed as billiard systems. The main advan-
tage to using billiards to represent dynamical systems is
that billiards capture all the dynamics of a Hamiltonian
systems without having to determine its Poincaré map.
Classically, the infinite square well can be thought of as
a particle with mass bouncing between two barriers of
infinite potential. Quantum mechanically, there exists
standing waves that oscillate between the two barriers of
infinite potential. Both cases are analogous to billiard
systems in the sense that the billiards in the ad hoc bil-
liard table bounce off of the ends of the table similar to
the barriers of V (x) =∞. The same could be said for the
infinite circular well, a two dimensional equivalent, where
a particle with mass bounces against the circumference of
the circle where V (x) = ∞. A billiard corresponding to
the two examples above is shown to have a circular shape
in [Fig. 2]. The motion inside of the circular billiard is
composed of straight lines. This is explained a priori, as
a billiard table is composed of motion alternating from
straight lines and mirror-like rebounds from its walls.

FIG. 3. Regular dynamics conveyed by the circular billiard.
[1]

FIG. 4. Chaotic dynamics conveyed by the cardioid billiard.
[1]

Note that in chaotic billiards, like in regular billiards,
the motion within the billiards is still composed of
straight lines. The slight eccentricity of the chaotic
billiard causes a perturbation in the otherwise perfect

motion of the billiard. In classical mechanics, motion
can be considered chaotic if it is cannot be repeated. In
other words, a particle could travel the same path N
times ad infinitum. However, in the case of the chaotic
billiard, it is easy to see that a particle would not
likely travel the same path again after bouncing off the
boundary. For the billiard to be chaotic in both classical
and quantum dynamics, it must satisfy the following
properties verbatim[8]:
1)it must be sensitive to initial conditions;
2)it must be topologically mixing;
3)its periodic orbits must be dense.

The first property is more commonly referred to as the
butterfly effect. The butterfly effect simply states that
each point in the billiard system is randomly affected by
other points with different future paths; this effect is not
immediately obvious from looking at figure 3. Topolog-
ical mixing states that the billiard will evolve over time
so that any region of its phase space will eventually over-
lap with any other region. The last property states that
there are periodic orbits that move toward every point in
the billiard from a random distance.

FIG. 5. The quantum, integrable billiards as the eigenstates
n increases[1].

In figure 5, a regular and chaotic billiard are shown to-
gether as its eigenstates increase. The eigenstates are
found to represent the structure of its corresponding
classical dynamics. Eigenstates could be thought of as
”pinned” positions of the particle.

VI. FUTURE ADVANCEMENTS IN QUANTUM
CHAOS

The experiment performed by Shumpei Masuda, Shin-
ichi Sawada and Yasushi Shimizu was studied. The ex-
periment consisted of a quantum wire with fermions in-
teracting with each other via a repulsive or attractive
Coulomb interaction. A quantum wire is an adequately
small, electrically conducting wire. One property of a
quantum wire is that electrons will experience quan-
tum confinement in the x and y directions. The ex-
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periment also used a hard wall potential in the z direc-
tion. Fermions are characterised by any particle which
obeys Pauli’s exclusion principle. Masuda et al used an
effective Hamiltonian to reduce the complex three dimen-
sional system to a pseudo one dimensional system. The
classical dynamics of the system had a scaling property
that the quantum counterpart did not have. However,
Masuda et al calculated the Brody parameter for distri-
butions of the nearest neighbour level spacing and found
that the statistics of the energy level implies a corre-
sponding scaling even in the quantum system [3].

In this study, Masuda et al used a modified maximum
Lyapunov exponent instead of a normal maximum Lya-
punov exponent to measure the chaotic irregularity in
the classical system. A maximum Lyapunov exponent is
defined mathematically by:

|δZ(t)| ≈ eλt|δZ0| (5)

where λ is the Lyapunov exponent and δZ(t) is the
separation of infinitesimally close trajectories of the par-
ticles in the system. The system described by equation 5
is said to be chaotic if the Lyapunov exponent λ is posi-
tive. The difference between the old maximum Lyapunov
exponent, which will be referred to as MLE henceforth,
was that it measured the rate per unit of the time for
separation and the new MLE measured one per unit of
the separation.

Masuda et al also claimed that the area of a chaotic re-
gion in a Poincaré map does not necessarily determine the
system’s chaotic irregularity despite most authors saying
otherwise. This change in method allowed Masuda et
al to compare the chaotic irregularity of classical orbits
with varying energies.

In addition to the experiment involving the quantum
wire, a fibre laser also depends on the concept of quantum
chaos and more specifically: quantum billiards.

VII. CONCLUSION

Quantum chaos was manifested easily in billiards, and
many dynamical systems can be represented as billiards.
It was shown that the one dimensional and two dimen-
sional cases of the infinite square and circular well could
both be represent by regular, non chaotic billiards. The
Bunimovich stadium was also found to represent classical
and quantum nonlinear dynamical systems that exhib-
ited chaos. Regular billiards were represented by a cir-
cular billiard while chaotic billiards were represented by
a regular billiard under some perturbation. Three types
of quantum chaos were also introduced, quantised chaos
being the most studied. Classical and quantum chaos
were found to have a close correspondence from Masuda
et al’s experiment involving a two-spinless-fermion sys-
tem in a quantum wire. It also followed that if a classical
system is chaotic, its quantum counterpart was as well

from the analysis of corresponding billiard systems. The
debate about chaos theory and the existence of quan-
tum chaos is still ongoing. For the most part, quantum
chaos remains a worthwhile pursuit and a confusing field
of study even today.
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